The cross-classified sampling design consists in drawing samples from a twodimension population, independently in each dimension. Such design is commonly used in consumer price index surveys and has been recently applied to draw a sample of babies in the French ELFE survey, by crossing a sample of maternity units and a sample of days. We propose to derive a general theory of estimation for this sampling design. We consider the Horvitz-Thompson estimator for a total, and show that the cross-classified design will usually result in a loss of efficiency as compared to the widespread two-stage design. We obtain the asymptotic distribution of the Horvitz-Thompson estimator, and several unbiased variance estimators. Facing the problem of possibly negative values, we propose simplified non-negative variance estimators and study their bias under a super-population model. The proposed estimators are compared for totals and ratios on simulated data.
France. The collected data are now available to public and private research teams and many projects are underway in areas such as health, health environment and social sciences. In order to derive reliable confidence intervals for finite population parameters such as totals or ratios, the ELFE sampling design has to be taken into account.
The ELFE sample is drawn according to a non-standard sampling design, called
Cross-Classified Sampling (CCS), following Ohlsson (1996) . It consists in drawing independently two samples from each component of a two-dimensional population.
In the ELFE survey, a sample of maternity units and a sample of days are independently selected. CCS is peculiar in that the same sample of days is used for each of the selected maternity units, unlike two-stage sampling where independent subsamples are selected inside the primary sampling units (see Särndal et al., 1992) .
Considering CCS as a particular two-phase sampling design is possible, and may prove to be useful as in section 3.4 below, but is fairly artificial. The two populations involved can be made of units with different natures (like days and maternities for the ELFE survey), leading to samples that are not part of one another but play a symmetric role. This sampling design appears in other contexts than the ELFE survey. Some examples include consumer price index surveys, as detailed in Dalén & Olhsson (1995) for the Swedish survey, where outlets and items are sampled, and business surveys (Skinner, 2015) , where businesses and products are sampled. Due to its particular properties, CCS deserves a specific attention. However, as noted by Skinner (2015) , "the literature on the theory of cross-classified sampling is very limited". In particular, no general theory is derived under the finite population framework. While the papers by Vos (1964) and Ohlsson (1996) focus on simple random sampling without replacement, Skinner (2015) give some results under stratified without replacement simple random sampling and under with replacement unequal probability sampling.
In the present paper, we develop a general theory for estimation and variance estimation under CCS. The asymptotic normality of the Horvitz-Thompson estimator is derived under some mild conditions. A comparison with a two-stage sampling design is carried out in a general framework. We also raise an issue, not reported before, of possible negative values for Horvitz-Thompson and Yates-Grundy variance estimates. This problem occurs even in the simplest case of simple random sampling without replacement. Non-negative simplified variance estimators are therefore introduced. Conditions for their approximate unbiasedness are given under a design-based and a model-based approach. The properties of our variance estimators are evaluated through a small but realistic simulation study when estimating totals and ratios. Finally, an application to the ELFE data is detailed.
2 Cross-classified sampling design
Notations and Horvitz-Thompson estimation
Keeping in mind the ELFE survey, we consider a population U M of N M maternities and a population U D of N D days. However, the developments below are completely general and may be applied to any populations U M and U D . We will use the indexes i and j for the maternities, and the indexes k and l for the days. We consider a sampling design p M (·) on the population U M , leading to a sample S M of (average) size n M , and a sampling design p D (·) on the population U D leading to a sample S D of (average) size n D . We assume that the two samples are selected independently.
The cross-classified sampling design p(·) on the product population
Let π M i denote the probability that i is selected in S M , π M ij denote the probability that units i and j are selected jointly in S M , and let ∆
kl are similarly defined. We assume that the first and secondorder inclusion probabilities are non-negative in each population. The probability for the couple (i, k) to be selected in the product sample
, and the probability for the couples (i, k) and (j, l) to be selected jointly in the product
We are interested in some non-negative variable of interest with value Y ik for the maternity i and the day k. The total t Y = i∈U M k∈U D Y ik is then unbiasedly estimated by the Horvitz-Thompson (HT) estimator
Making use of the independence between S M and S D , the variance of the HTestimator is The Sen(1953 )-Yates-Grundy(1953 form
can be used alternatively when both sampling designs are of fixed size.
Our set-up can be linked to the usual two-stage framework, by considering U M as a population of Primary Sampling Units (PSUs) and U D as a population of Secondary Sampling Units (SSUs), each maternity i being associated to the same population of days. In case of two-stage sampling, denoted by M D, a first-stage sample S M is selected in U M , and some second-stage samples S i are selected independently inside any i ∈ S M . The variance of the HT-estimator is then
where
Alternatively, we could consider U D as a population of PSUs and U M as a population of SSUs, each day k being associated to the same population of maternities. In this case, the variance of the HT-estimator under two-stage sampling is
where 
Variance decomposition for cross-classified sampling
The covariance Γ ijkl may be written in several ways, leading to alternative variance
12)
and we have
This second decomposition was originally derived by Ohlsson (1996) . Other decompositions are possible, e.g. through an analysis of variance decomposition as for two-stage sampling.
Comparison with two-stage sampling
From expressions (2.7) and (2.14), we obtain after some algebra that
In case of Poisson sampling (PO) inside U M , the right-hand side in (2.15) is nonnegative and CCS is thus less efficient than two-stage sampling. In case of fixed-size sampling inside U M , equation (2.15) may be alternatively written as 
will tend to be positive unless the inclusion probabilities π 3 Variance estimation
Design-unbiased variance estimation
The HT variance estimator for
It may be also derived from (2.10), leading to the alternative writinĝ 
is the estimated sub-total for the day 
Non-negative variance estimators
We consider the variance decomposition in (2.10), and study the relative order of magnitude of the components. We make the following assumptions:
H1: There exist some constants α 1 and α 2 such that
H2: There exists some constants λ 1 > 0 and λ 2 > 0 such that
H3: There exist some constants γ 1 and γ 2 such that
H4: There exists some constant δ > 0 such that
It is assumed in (H1) that the variable y has bounded moments of order 2 for each maternity i and for each day k. Assumptions (H2) and (H3) are classical in survey sampling and are satistified for many sampling designs, see for example Cardot et al. (2013) . It is assumed in (H4) that the variance of the HT-estimator under CCS sampling has the order N
. From assumptions (H1-H4), there exist some constants C 1 , C 2 and C 3 such that
The proof is given in Appendix 9. It follows from (3.10)-(3.12) that if n D is large and n M is bounded, both V 2 t Y and V 3 t Y are negligible and a non-negative simplified variance estimator can be derived by focusing on V 1 t Y only. This leads tô
(3.13)
If the sampling design p D satisfies the SYG conditions, this simplified estimator is always non-negative. In the particular SI 2 case, we obtain
Symmetrically, both V 1 t Y and V 3 t Y may be seen as negligible if n M is large and n D is bounded. Another simplified variance estimator is thuŝ
If the sampling design p M satisfies the SYG conditions, this estimator is nonnegative. In the particular SI 2 case, we havê
A third possible simplified variance estimator iŝ
This estimator is non-negative if both p D and p M satisfy the SYG conditions. It is approximately unbiased for V CCS t Y if n D is large and n M is bounded, or if n M is large and n D is bounded. In the particular SI 2 casê
Similar formula can be easily derived in the case of stratified simple random sampling without replacement and will be used in Section 5.
Relative bias under a superpopulation model
We consider the following superpopulation model
where U i , V k and W ik are independently generated according to a standard normal distribution. This is an analysis of variance model with two crossed random factors and without repetition. Let "E m " denote the expectation with respect to the model (3.21) and "E p " denote the expectation with respect to the CCS design. For each simplified variance estimatorV SIMPi , i = 1, 2, 3, the relative bias RB under the model and under the sampling design is defined by 
25)
26)
The bias ofV SIMP1 increases from −1 to 0 when A 1 increases, which occurs in particular when the ratio r M or the sample size n D increases. In other words,V SIMP1
will have a small bias under model (3.21) if the variable of interest contains some maternity effect or if the number of sampled days is large enough. Symmetrically, V SIMP2 will have a small bias under model (3.21) if the variable of interest contains some day effect or if the number of sampled maternities is large enough. The bias of V SIMP3 decreases from 1 to 0 when A 3 increases, which occurs in particular when r M or r D increases, or when n M or n D increases. In other words,V SIMP3 will have a small bias under model (3.21) if the variable of interest contains some maternity or some day effect, or if the number of sampled days or the number of sampled maternities is large enough. The simulation study in section 4 supports these results, and confirm that the variance tends to be underestimated withV SIMP1 orV SIMP2 , and overestimated withV SIMP3 .
A central-limit theorem
To produce confidence intervals with appropriate asymptotic coverage, it is of interest to state a central-limit theorem (CLT) for CCS. Roughly speaking, Theorem 1 below states that if the HT-estimator follows a CLT under both sampling designs p D and p M , then the HT-estimator also follows a CLT under CCS. It is derived almost directly from Theorem 2 in Chen and Rao (2007) , and the proof is therefore omitted.
Theorem 1. Suppose that assumptions (H1)-(H4) hold. Suppose that
, where → L stands for the convergence in distribution under the sampling-design, with
, where Φ is the cumulative distribution function of the standard normal distribution, and where
, where → P stands for the convergence in probability under the sampling-design.
Then
For illustration, we consider the particular case when p D and p M are both SI designs.
Suppose that (H2)-(H4) hold, and that (H1) is strengthened to
H1b: There exists δ > 0 and some constants α 1 and α 2 such that
Then by using the CLT in Hajek (1961) , the assumption (H5) can be shown to hold.
By mimicking the proof of Lemma 2 in Chen and Rao (1997) , the assumption (H6)
can be shown to hold as well.
Simulations
In this Section, two artificial populations are first generated using the superpop- sampling is more accurate than CCS, which holds true in all cases considered in our experiment.
Comparison with two-stage sampling
The ratio increases with n D and decreases when n M increases. Also, it can be observed that the ratio decreases with σ M . This impact of the maternity effect is noticeable, and illustrates the substantial loss in accuracy induced by using a CCS instead of a two-stage sampling design if the maternity effect is small. Similar conclusions could be derived when computing the ratio V DM /V CCS . 
Variance estimation for a total
We consider the two artificial populations generated as described in Section 4.1.
For each population, the SI 2 sampling design is used, with sample sizes equal to 5, 10, 100 and 500, and the sample selection is repeated B = 10, 000 times. For each sample b = 1, . . . , B, we compute the estimatet
Y of the total t Y . The unbiased variance estimatorV (b) and the simplified variance estimatorsV
are also computed fort
For each variance estimatorV , we compute the Monte Carlo Percent Relative Bias
where the true variance V was approximated through an independent set of 50, 000
simulations. The number (#NEG) of negative variance estimatorsV (b) is also computed.
The results are reported in Table 1 . The variance estimatorV is almost unbiased in all situations, as expected. However, this variance estimator is prone to negative values with small sample sizes when the value of σ M and/or the value of σ D is small as compared to σ E . The problem vanishes when the sample sizes increase. We now turn to the simplified variance estimators. The relative bias ofV SIMP1 decreases when n D increases or when n M decreases, and when σ M increases or when σ D decreases.
This supports the findings in Section 3.3. Symmetrical conclusions are drawn for the relative bias ofV SIMP2 . Turning toV SIMP3 , we note that the relative bias decreases when either σ M or σ D increases. This variance estimator is therefore advisable in all cases but those where there is no maternity nor day effect. n M 5 10 10 100 500 5 10 10 100 500 n D 5 10 100 100 500 5 10 100 100 500 
Variance estimation for a ratio
We now consider variance estimation for a ratio. Two populations are generated with N M = 1000 maternities and N D = 1000 days. In each population, two count variables are generated so as to mimic the data encountered in the ELFE survey.
More precisely, we first generate an auxiliary variable Z ik according to model (3.21) with µ = 200, σ E = σ D = 5, and σ M = 5 or 50. The first variable of interest X ik is generated according to a Poisson distribution with parameter Z ik . The second variable of interest Y ik is generated according to a binomial distribution with parameters X ik and p ik . We consider two cases: (i) equal probabilities with p ik = 0.3; (ii) unequal probabilities with logit(p ik ) = βZ ik , where β was chosen so that the average probability is approximately 0.3. Note that Y ik follows a Poisson distribution with parameter p ik Z ik .
The reason for this generating process is that some variable of interest X ik , like the number of births in the ELFE survey, may contain some maternity and/or day effect which is reflected in the way Z ik is generated. On the other hand, some maternity and/or day effect may also be contained in some other variable of interest Y ik , like the number of births per caesarean. Such effects may be either similar to those for X ik like with pattern (i), or may occur differently like with pattern (ii).
For each population, the SI 2 sampling design is used, with sample sizes equal to 5, 10, 100 and 500, and the sample selection is repeated B = 10, 000 times. For each sample b = 1, . . . , B, we compute the substitution estimatorR
X of the ratio R = t Y /t X . The variance estimatorV (b) and the simplified variance estimatorŝ
SIMP3 are also computed fort The results are reported in Table 2 . The variance estimatorV is almost unbiased in all situations, as expected, but is prone to negative values even when the maternity or day effect is small. We now turn to the relative bias for the simplified variance estimators. With pattern (i), the situation is much different to that when a total is estimated, since the relative bias ofV SIMP3 is much larger than for the other two simplified estimators. This can be explained as follows: when the probabilities p ik are uniform, both Y ik and X ik contain the same maternity and day effect, but these effects wear off in the linearized variable. Whatever the values of σ M and σ D are, the situation is therefore comparable to that observed in the bottom right cell of Table   1 . With pattern (ii), the probabilities p ik depend on i and k, leading potentially to some remaining maternity and/or day effect in the linearized variable. In such situation, which seems more realistic in practice, the relative bias ofV SIMP1 and V SIMP2 increase when σ M or σ D increase, while the relative bias ofV SIMP3 decreases.
n M 5 10 10 100 500 5 10 10 100 500 n D 5 10 100 100 500 5 10 100 100 500 In this Section, we aim at illustrating the results previously obtained on a real data set. Some aspects of the ELFE survey, like the non-response issue or the calibration step, deserve a specific attention but are beyond the scope of the present paper and are therefore not considered. In particular, the ELFE survey is prone to several levels of non-response, since some sampled maternities and some families refused to participate either for some specific days or for the whole period. In the present study, the sample of respondents is viewed as the original sample and in particular, we consider only the 287 maternities that participate during the 25 days of survey.
The calibration step is not taken into account. The results below are meant to illustrate our theoretical results, but are not intended for use in other contexts.
We consider seven count variables from the ELFE survey. Some of them depend on the characteristics of the maternities (e.g., the spatial location), like the variable indicating whether the mother is followed by a midwife. Others are related to the days of the survey, like the variable indicating whether the birth occurred by caesarean. For each variable, the estimated totalt Y from equation (2.1), the estimated varianceV t Y from equation (3.2) and the three simplified estimators are given in the upper part of Table 5 . Similar indicators are given in the bottom part of Table 5 : Variance estimates of estimated total and ratio on some ELFE variables
The relative difference RD betweenV SIMP and the unbiased estimatorV is
Different behaviours may be observed for the variables of interest, depending on the maternity/day effect. For instance, the variable indicating whether the birth occurred by caesarean contains an important day effect, and the RD ofV SIMP2 is therefore small while that ofV SIMP1 is large. Symmetrically, the variable indicating whether the mother is followed by a midwife contains a small day effect as compared to the maternity effect, and the RD ofV SIMP2 is therefore large while that ofV SIMP1 is small. Also, we note that the RD ofV SIMP3 is relatively stable for all variables when estimating a total, which is an important feature in favour of this third simplified estimator. We note however that the absolute RD ofV SIMP3 can be large when estimating a ratio, which confirms the simulation results.
Conclusion
The present paper derives some general estimation theory for the cross-classified sampling design which was used in the recent ELFE survey on childhood. The issue of possibly negative variance estimates arised even in case of simple random sampling without replacement. Alternative estimators to the usual Horvitz-Thompson and Yates-Grundy variance estimators are thus proposed, and proved to be nonnegative under the usual Sen-Yates-Grundy conditions. The relative bias of the proposed variance estimators is derived for a superpopulation model. The behavior of these estimators is also investigated for totals and ratios on simulated data and on data extracted from the ELFE survey. Among the proposals, one variance estimator that leads to a slight overestimation of the variance in many cases, appears to be advisable.
Despite the present results and the recent paper by Skinner (2015) , the crossclassified sampling design still deserves some attention. In particular, the treatment of non-response and the calibration problem should also be taken into account, and is currently under investigation.
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